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A. %troduc’cion

HIS CHAPTER EXTENDS THE CONCEPT of market equilibrium to determine the market

price for risk and the appropriate mebsure of risk for ' single asset. One ecoromic model to

solve this problem, called the capifal asset pricing model (CAPM), was developed almost
simultaneously by Sharpe [1963, 19647 #nd Treynor {1961], and then further developed by Mossin
[1966], Lintner [1965, 1969], and Black [1972]. It shows that the equilibrium rates of refurn on
all risky assets are a function of theiricovariance with the market portfolio. A second important
equilibrium pricing model, called thé arbitrage pricing theory (APT), was dcveloped by Ross
[1976] Itis snmlar to the CAPM in that it is aIso anethbn im asset pncmg

ShOWn to be a special case of the APT Ll
Tlns chapter first develops the CAPM and

" The CAPM is develppf‘:d“
" about investors and the oppo
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3. There exists a risk-free asset such that investors may borrow or lend unlimited amounts at 4
risk-free rate.

4. The quantities of assets are fixed. Also, all agsets are marketable and perfectly divisible,

5. Asset markets are frictionless, and information is costless and simultancous!y available to a)
investors,

6. There are no market imperfections such as taxes, regulations, or restrictions on short selling,

Many of these assumptions have been discussed earlier. However, it is worthwhile to discusg
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Figure 6.1 All investors
select efficient portfolios.

\ o(ﬁp)

C. erivation of the CAPM

Figure 6.2 shows the expected return and standard deviation of the market portfolio, M, the risk-
free asset, R, and a risky asset, . The straight line connecting the risk-free asset and the market
portfolio is the capital market line (for example, see Fig. 5.17, in Chapter 5). We know that if a
market equilibrium is to exist, the prices of all assets must adjust until all are held by investors.
There can be no excess demand. In other words, prices must be established so that the supply of
all assets equals the demand for holding them. Consequently, in equilibriuro the market portfolio
will consist of all marketable assets held in proportion to their value weights. The equilibrium
proportion of each asset in the market portfolio must be

__ market value of the individual asset 6.9
; T market value of all assets ) )
A portfolio consisting of a% invested in risky asset { and (1 — @)% in the market portfolio will

have the following mean and standard deviation:

q E(R,) =aE(R) + (1 - ) E(R,), (6.2)
-~ 142
o (R, =[a%a} + (1 - a)lo} +2a(1 - O (6.3)
where
o2 = the variance of risky asset I,

the variance of the market portfolio,
= the covariance between asset I and the market portfolio.

We shall see shortly that the market portfolio already contains asset [ held according to its
market value weight. In fact the definition of the market portfolio is that it consists of all assets held
according to their market value weights. The opportunity set provided by various combinations
of the risky asset and the market portfolio is the line IMI’ in Fig. 6.2. The change in the mean




e

150 Chapter 6: Market Equilibrium: CAPM and ApT o

Figure 6.2 The oppor-
tunity set provided by
combinations of risky
asset f and the market N
portfolio, M. O T

E(R; ) CML

JE(R,)

=E(R)-ER&,), (6.4)
da :

do (R —l
7Ry 1 [e202 4+ (1= %2 4201 ~ )|
da 277 "

x [zwf =202 +2a02 425, _ 4aa,.,,,] . (6.5)

Sharpe’s and Treynor’s insi ght, which allowed them to use the abgve facts to determine a market
equilibrium price for tisk, was that in equilibrium the market portfolio already has the vaiue weight,
W; percent, invested in the risky asset 7, Therefore the percentage o in the above equations is the
excess demand for an individual risky asset. But we know that in equilibrinm the excess demand
for any asset must be zero. Prices will adjust uatil all agsets are heid by someone., Therefore if
Egs. (6.4) and (6.5) are evaluated where excess demand, o, equals zero, then we can determine the
equilibrium price relationships at point M in Fig. 6.2. This will provide the equilibrivm price of
risk. Eva]uating Eqgs. (6.4) apd (6.5) where @ = 0, we obtain

BE(R ) - -~
5l =E®) - e@®), (6.6)
da
a=0
30’(E ) H _ Oy — G2
e ) (=262 4 20, ) = —=m (6.7)
da oo 2 O

The slope of the tisk-return trade-off evaluated at point J , in market equilibrium, is r

RE(R )3 B)— ER
E(R,)/8a _ E®) E(Ry) ©8)

do(R,)/da ezt Gim —02)/a,,

The final insight is (o realize that the slope of the OPportunity set IMI” provided by the relationship

between the risky asset and the market portfolio at point M must also be equal to the slope of the

capital market line, RfM .
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C. Derivation of the CAPM

Figure 6.3 The capital _
¢ pricing model ERy)
ashet pricing ' Security market line

Bn=t .—sz

As established in Chapter 5, the capital market line is also an equilibrium relationship. Given
market efficiency, the tangency portfolio, M, must be the market portfolio where all assets are held
according to their market value weights. Recall that the slope of the market line in Eq. (5.34) is

E(R,) — Ky
Ty '

where o, is the standard deviation of the market portfolio. Equating this with the slope of the
opportunity set at point M, we have

E(Rn)— Ry E(R)— E(Ry)
Gon - (Jim - 0';’:)/'0‘," )

This relationship can be arranged to solve for E (72 ;) as follows:

E(R) =R, +[ER) - Ry] T2 6.9)
nt

Equation (6.9) is known as the capital asset pricing model, CAPM. It is shown graphically in
Fig;6.3, where it is also called the security market line. The required rate of return on any asset,
E(R;) in Eq. (6.9), is equal to the risk-free rate of retum plus a risk premium. The risk premium
is the price of risk multiplied by the quantity of risk. In the terminology of the CAPM, the price
of risk is the slope of the line, the difference between the expected rate of return on the market
portfolio and the risk-free rate of return.2 The quantity of risk is often called beta, f;:

2 Note that the CAPM terminology is somewhat different from that used in Chapter 5. Earlier, the equilibrium price of risk
was seen 10 be the marginal rate of substitution between return and risk and was described as

E(R,) - R;

Om

Using this definition for the price of risk, the quantity of risk is
COV(R;, R,
O '

Because o,,, the standard deviation of the market, is assumed to be constant, it does not make much difference which

terminology we adopt. Hereafter, risk will be 8, and the market price of risk will be [E (Ry—R f] .
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a2 T VAR(R,) (.10

n

variance of the marke( portfolio. The risk-free asset has a beta of zero because its
the market portfolio is zero. The market portfolio has a beta of one bec
market portfolio with jtself s identical to the variance of the market portfolio:

b= VR R vARGE |
VAR(R,) ~ VAR(R,)

D. c@operﬁes of the CAPM

There are several properties of the CAPM that are important. First, in equilibrium, every asset
must be priced 50 that jts risk-adjusted required rate of return falls exactly on the straight line in

economy:

total risk == systematic rigk + unsystematic risk. (6.11)

This equation contains three terms: a constant, a;, which has no variance; a constant firnes a

random variable, b i ﬁm; and a second random variable, Z"j, which has zero covariance with ﬁm-
Using Properties 3 and 4 of random variables (given in Chapter 5)
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Table 6.1 Risk and Return for Bayside Smokes and a 100-Stock Portfolio

Annual Return (%) Standard Deviation (%) Beta
100-stock portfolio 10.9 445 .11
Bayside Smokes 54 7.25 71

The variance is total risk. It can be partitioned into systematic risk, bi.o,ﬁ, and unsystematic risk,
0'52. It tuns out that b; in the simple linear relationship between individual asset return and market
return is exactly the same as 8; in the CAPM.3

If systematic risk is the only type of risk that investors will pay to avoid, and if the required rate
of return for every asset in equilibrium must fall on the security market line, we should be able
to go back to the example of Bayside Smokes Company and resolve the paradox introduced in
Chapter 5. Table 6.1 summarizes the empirical findings. We know that if investors are risk averse,
there should be a positive trade-off between risk and return. When we tried to use the standard
deviation as a measure of risk for an individual asset, Bayside Smokes, in comparison with a well-
diversified portfolio, we were forced to make the inappropriate observation that the asset with
higher risk has a lower return. The difficulty was that we were using the wrong measure of risk.
One cannot compare the variance of return on a single asset with the variance for a well-diversified
portiolio. The variance of the portfolio will almost always be smaller. The appropriate measure of
risk for a single asset is beta, its covariance with the market divided by the variance of the market.
This risk is nondiversifiable and is linearly related to the rate of return—~—E(R;) in Eq. (6.9)—
required in equilibdum. When we look at the appropriate measure of risk, we see that Bayside
Smokes is less risky than the 100-stock portfolio, and we have the sensible result that lower risk
is accompanied by lower retumn.

Table 6.2 shows the realized rates of return and the betas of many different assets between
January 1945 and June 1970. The calculations are taken from an article by Modigliani and Pogue
[1974] that used monthly observations. In most cases the risk-return relationships make sense.
Consumer product companies such as Swift and Co., Bayside Smokes, and American Snuff are
all less xisky than the market portfolio (represented here by the NYSE index). On the other hand,
steel, electronics, and automobiles are riskier. Fig. 6.4 plots the empirical relationship between risk
(measured by beta) and return for the companies listed in Table 6.2. The linearity of the relationship
appears t0 be reasonable, and the trade-off between risk and return is positive. A more thorough
discussion of empirical tests of the CAPM will be given later in this chapter.

A second important property of the CAPM is that the measure of risk for individual assets is
linearly additive when the assets are combined into portfolios. For example, if we put % of our
wealth into asset X, with systematic risk of B, and b% of our wealth into asset ¥, with systematic
risk of B, then the beta of the resulting portfolio, 8 1 18 simply the weighted average of the betas
of the individual securities:

By =ap, +bp,. 6.13)

3The interested reader is referred to Appendix C on linear regression at the end of the book for proof that the sfope
coefficient, b;, equals

bj = COV(R;, Rp)/VAR(R,) = 0;0s/0
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Tabie 6.2 Rates of Return and Betas for Selected Companies, 1945-1970

Average Annual Return (%) Standard Deviatiop (%) Bets
City Investing Co, 174 1109 15-} Finally
Radio Corporation of America [14 8.30 1.35
Chrysler Corporation 7.0 7.73 .21
Continental Steel Co. L9 7.50 1.12 The
100-stock portfolio 109 445 L1l g“tex‘;
S
NYSE index 83 3.73 1.00 EZ: s
Swift and Co. 57 5.89 .81 It is
Bayside Smokes 54 7.26 7 correct
American Snuff 6.5 4.77 54 Eq. (5.
Homestake Mining Co. 4.0 6.55 .24
FromF, Modigliani and G. Pogue, “An Introduction 16 Risk and Retum,” reprinted from Financial Analysts Journal,
March-April 1974, 7],
which «
Figure 6.4 An empirical R; (percent)
security market lige,
One co
asther
asset i
“To seed
we have
Proof of this follows from the definition of Covariance and the. Properties of the mean and
variance. The definition of the portfolio beta js
5 E {laX +b¥ ~ arx) - PEWN [Ry — E(R,)]) From the
7 VAR(R,,) '
Rearranging terms, we have
4= E{lalX - E(X)]+ oY ~ E(1)] [R, — E(R.)]) Then by r
P VAR(R,) '

Next, we factor out z and b:
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8 = E[(X — E(X)(Ry ~ E(Ry))) E[(Y ~ E(YD(R,, — E(Rx))]
p=4a + b .
VAR(R,) VAR(R,,)

Finally, using the definition of g,
B, =af,+bB,.  QED

The fact that portfolio betas are linearly weighted combinations of individual asset betas is
an extremely useful tool. Al that is needed to measure the systematic risk of portfolios is the
betas of the individual assets. It is not necessary to solve a quadratic programming problem (see

Eqgs. 5.26a and 5.26b) to find the efficient set.
It is worth reiterating the relationship between individual asset risk and portfolio risk. The

correct definition of an individual asset’s risk is its contribution to portfolio risk. Referring to
Eq. (5.28), we see that the variance of returns for a portfolio of assets is

N N
VAR(R,) =0 (R,) =3 ¥ ww;o;;,
i

i=t j=

which can be rewritten as?

N N N
TRy =Y (Z w0 ,-) =Y wCOV (R, R,) - (6.14)

i=1 \ j=I i=t

One could interpret

w,COV(R;, Rp) (6.15)

as the risk of security i in portiolio p. However, at the margin, the change in the contribution of
asset [ to portfolio risk is simply

COV(R;, R). (6.16)

*Tosee that 3~ w; (3w ;07 = 3_ wyCOV(R;, R,), consider a simple three-asset example. Rewriting the left-hand side,
we have

X wid wop) = wiwioy + waoy + waop)
A+ wa (w0 + waog; + Wida3)
+ wiunegy) + wroy + widy).
From the definition of covariance, we have
Fr %2 93 wy
COV(RI, Rp) = [] 0 01 Oy T 073 wy
031 032 T3 w3
= unoy + upoys + Wioys.
Then by multiplying by the weight in the first asset, we obtain
wyCOV(Ry, Rp) = w{wyoyy + wyopg + wiota).

Finally, by repeating this procedure for each of the three assets, we can demonsirate the equality in Eq. (6.14).
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se of the CAPM for Valuation: Single-Period Models
with Uncertainty

for the right to the risky end-of-period payoff. If P, is the price we pay today, our risky return,
R;, is
Jr

(6.17)

The CAPM can be used to determine what the current value of the asset, £y, should be. The
CAPM js

COV(R;, R,)
E(R;) =R+ [E(R ) — Ry ———L7m

VAR(R,,)
which can be rewritten as
ER)-R i
E(R,-):—.Rf +AC0V(RJ, Rp), where po ZXTm! T 8y (6.18)

VAR(R,)

- E(P,)

B L'+ Ry +ACOV(R, Ry’
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which is often referved to as the risk-adjusted rate of return valuation formula. The numerator is
the expected end-of-period price for the risky asset, and the denominator can be thought of as a
discount rate. If the asset has no risk, then its covariance with the market will be zero, and the
appropriate one-period discount rate is (I+ Ry). For assets with positive systematic risk, a risk
premium, ACOV(R 7» By, is added to the risk-free rate so that the discount rate is risk adjusted.
An equivalent approach to valuation is to deduct a risk premium from E(P,) in the numer-

ator, then discount at (1 + R £)- The covariance between the risky asset and the market can be
rewritten as

COV(R;, R,,) = COV [Pc; Po, R,,,]
0

~e|(fh ~ra=h) (R~ E(R,) |
) £

= wl—COV(P,, R,).
£y
By substituting this into the risk-adjusted rate of return equation, Eq. (6.19),

p_ ECP)
P T R+ A1/ P)COVRL By’

Wwe can derive the certainry equivalent valuation formula from

p . E(PY—ac0OV(E, R )
°” 1+ R; '

(6.20)

The risk-adjusted rate of return and the certainty equivalent approaches are equivalent for one-
period valuation models. It is important to realize that in both cases value does not depend on
the utility preferences of individuals. All one needs to know in order to determine value is the
expected end-of-period payoff, the quantity of risk provided by the asset, the risk-free rate, and
the price of risk (which are market-determined variables). Consequently, individuals who perceive

F. %plications of the CAPM for Corporate Policy

In the second half of this book, when we focus on Corporate policy, these one-period valuation
models will be used to develop decision-making rules for the selection of investment projects by
the firm, for measurement of the firm’s cost of capital, and for capital structure (optimal debt/equity
ratio} decisions. However, for the sake of curiosity, we shall take a quick look at the implications
of the CAPM for some corporate policy decisions, assuming that our firm has no debt and that

there are no corporate or personal taxes. The complex results in a world with deht and taxes are
left to Chapter 15.
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Figure 6.5 The cost of
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The cost of equity capital for a firm is given directly by the CAPM After all, the company’s sam
beta is measured by caleulating the covanance between the return on its common stock and the b mus
market index, Consequently, the beta measures the systematic risk of the common stock, and if 3 the
we know the systematic 1isk, we can use the CAPM to determine the required rate of return on po'rt
equity. Equation (6.21) is the capital asset Pricing mode}: :E:‘z
ER)=R; +[E(R,) - Ry]B;. (6.21) pm:
devi
If it is possible to estimate the systematic rigk of a company’s cquity as well as the market rate of
return, the £ (R;) is the required rate of retum op equity, that is, the cost of equity for the firm. If
we designate the cost of equity as k., then
E(RJ-) =k,
5
This is shown in Fig. 6.5. As long as projects have the same risk as the firm, then k; may also be pgf};
interpreted as the minimum required rate of Teturn on new capital projects, $Asa
But what if the project has a different risk from the firm as a whole? Then aj] that is necessary with
1s to estimate the systematic rigk of the project and use the appropriate rate of returp, £ (R;). For ;?gg(r:
example, in Fig. 6.5 the expected rate of retum on project X, Ry, is higher than the cost of equity
for the firm, £ (R;). But the project also is riskier than the firm because it has greater systematic
risk. If the managers of the firm were to demand that it earn the same rate as the firm [k, = E(R j)],
the project would be accepted since its expected rate of return, Ry, is greater than the firm’s cost of
equity. However, this would be incorrect. The market requires a rate of return, E(Ry), fora project
with systematic risk of By, but the project will earn less. Therefore since Ry < E(R,), the project where
is clearly unacceptable. (Is project 7, acceptable? Why?)
Because the CAPM allow

of different risk, it is an ex
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stensions of the CAPM

Virtually every one of the assumptions under which the CAPM is derived is violated in the real
world. If so, then how good is the model? There are two parts to this question: (1} Is it possible
to extend the model to rejax the unrealistic assumptions without drastically changing it? (2) How
well does the model stand up to empirical testing? The first part is the subject of this section of the
chapter. Surprisingly, the model is fairly resilient to various extensions of it.

First, how will the model change if investors cannot borrow and lend at the risk-free rate? In other
words, how is the CAPM affected if there is no cisk-free asset that has constant returns in every
state of nature? This problem was solved by Black [1972]. His argument is illustrated in Fig. 6.0.
Portfolio M is identified by the investors as the market portfolio that lies on the efficient set.” Now,

suppose that we can identify all po et ponfolio.6

rtfolios that are uncorrelated with the true mark
This means that their returns have zero covariance with the market portfolio, and they have the

same systematic risk (i.e., they have zero beta). Because they have the same systematic risk, each
must have the same expected return. Portfolios A and B in Fig. 6.6 are both uncorrelated with
the market portfolio M and have the same expected return E (R,). However, only one of them,
portfolio B, lies on the opportunity set. It is the minimum-variance zero-beta portfolio, and it is
unique. Portfolio A also has zero beta, but it has a higher variance and therefore does not lie on
the minimum-variance Opportunity set.

We can derive the stope of the line E(R
portfolio and (1 - a)% in the minimum-vamance Zer
deviation of such a portfolio can be written as follows:

,}M by forming a portfolio with a% in the market
o-beta portfolio. The mean and standard

E(Rp) =aE(Rm) + (1 - a)E(Rz)a

/2
O’(Rp) = [azcri + (1 — a}zczrz2 + 2a{l — a)rzmazcrm] .

5Note, however, that the extension of the CAPM that follows can be applied to any efficient postfolio, not just the market

pontfolio.
6 As an example of how to caleulate the vecior of weights in a world wi
with many assets, we are interested in identifying the portfolio that
and (b) has the mimimum variance. The solution will be the vector o

programming problem:

th only two assets, see Problem 6.13. For portfolios
(2) has zero covariance with the market portfolio
f the weights that satisfies the following quadratic

z
MING? =W, D Wi

Subject to W }]: W, =0y =0

W;e =1,
where G’; = the variance of the zero-beta portfolio,
W, = the row vector of weights in the mimimum-variance zero-beta portfolio (W, is 2 column vector with the same weights),
3 = the variance/covariance matrix for all N assets in the market,

W,, = the vector of weights in the market portfolio,
1y, = the covariance between the zero-beta portfolio and the marke

e = g column vector of ones.

\—which must always equal Zero,
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Figure 6.6 The capital _
market line with no risk- E(Rp)
free rate,

LT St e,

! return is
" .

3E(R)

=E(R,)— E(R ),
da

and the partia] derivative of the standard deviatjon is

do (R —-1/2
-—;;p—} = El azo': +{1— a)zo'zz [2“%2: - 20'22 + 2003] .

Taking the ratio of the

S¢ partials and evaluating where g — L, we obtain the slope of the line
E(R)M in Fig. 6.6:

LR[00 _ ER,) - g
- m 2] 6.22)
do(Ry)joa ~ T G (

Furthermore, since the line musgt Pass through the

point [E(R, ), o(R
tangent line must be £ (R.). Cons

)], the intercept of the
equently, the equation of the line must he

E(R,) = E(R,) 1 [ M . 623)

This is exactly the same g the capital market iine in

Eq. (539 Except that the expected rate of
Tetumn on the zero-beta portfolio, £ (R,}, has feplaced the risk-free rate,

Given the above result, it is not hard to prove that the expecte
whether or not jt | i

2. Thef

e
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represented by the market portfolio must be equal to Eq. (6.8):

BE(R)/a| _ E(R)— E(Ry)
e R0a)_,  @im=0D/%m

If we equate the two definitions of the slope of a line tangent to point M, that is, if we equate (6.8)

and (6.22), we have
E(R,) — E(Ry _ [E(R}— E(R,,)} O

—gl
Ty CTim Um

Solving for the required rate of return on asset i, we have

E(R;) = (1 BIE(R,) + BE(RR), 6.24)

where
B = G/ = COV(R;, Rer) Jol. (6.25)

of return on any asset can be written as a linear

combination of the expected rate of return of any two assets—the market portfolio and the
unique minimum-variance zero-beta portfolio (which is chosen to be uncorrelated with the market
porifolio). Interestingly, the weight to be invested in the market portfolio is the beta of the ith asset.
If we rearrange (6.24), we see that it is exactly equal to the CAPM (Egs. 6.9 and 6.21) except that

the expected rate of return on the zero-beta portfolio has replaced the rate of return on the risk-free

Equation {6.24) shows that the expected rate

asset:
E(R)=ER)+[ERy) — E (R)] Bi- (6.26)
The upshot of this proof is that the major results of the CAPM do not require the existence of
re of systematic risk for an asset, and the

a pure riskless asset. Beta is still the appropriate measu
linearity of the model still obtains. The version of the m

the two-factor model’

odel given by Eq. (6.26) is usually called

». The Existence of Nonmarketable Assets
Suppose that the cost of transacting in an asset is infinite or
not marketable. Perhaps the most important example of such a
rent your skills in return for wages, but you cannot sell yourse
forbidden. This has the effect of introducing a nondiversifiable a
human asset capital. Because you cannot divide up your skills and s
ced into making portfolio decisions where you are con

that by law or regulation the asset is
q asset is human capital. You can
If or buy anyone else. Slavery is
sset into your portfolio—your
ell them to different investors,
you are for strained to hold a large risky

N —

7One limitation of the two-factor model is that it relies rather heavily on the assumption that there are 0O short sales
constraints. In general, zero-beta portfolios would have to be composed of both long and short positions of risky assets.
Ross [1977] has shown that in a world with short sales restrictions and no riskless asset the linear CAPM is invalid. Thus
to obtain the CAPM in a lincar form (Egs. 6.9 and 6.25) we require either (1) a risk-free asset that can be freely short sold

or (2) no constraints on short sales.

< S s T s e e s
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Lomponent of your wealth in he lorm of your gwy human capital. Wh
pontlvlio decisions ang the CAPM?

We saw carlier tha if there are po transaction costs and if 4 HSSELs are perfecily divisible,
two-fund separmion oblains (see Chapter 5). Every invesior, regardless of (he shape of hjg or her
indifference curve, wil) hold one of two assers: the risk-free assel orthe marker portfolio, O
casual empiricism tefly ys that this is not what actually happens, People diy hotd difte
ol risky assets. There are nrny reasons why this may he
ASSCLS B8 4 pood possibility,

at impact doey this hyve on

fcourse,
rent portfoligg
true. and the exisience of nonmarketabe

Muyers 11972} shows that when investors are constrained to hold nonmarkeg

able asserg that
have risky (doflary ratey of relurn. Ry, the CAPM takes the following form:

EtR )= R, + A [v, cOvy Ry R+ COViR,, A1), 6.27)

where

E(R,) - &,
Vo + COVIR, | Ry’

A=

Vi = the corrent nrarket value of 4 marketable assers.

Ry = the wl dollye Teturn on ail nonmarketable assets.

In this version of the model, A may be interpreted us the market
contains not only the markeg variance, crﬂzr. bur also the covariance between the rate of return op
marketable assets and the aggregate dollar return on nonmarketable assets. This result is obtained
by first deriving an individual’s demand curves for holding marketable assets, then aggregating
them to obtain Eq. (6.26), which is the return on g marketable asger required by the market
€quilibrium. There aye three importany implications. First, individuals will hold differen; portfolios
of risky assets because their human capital has differing amounts of risk. Second, the market
equilibrium price of risky asser may still be determined independemly of the shape of the
individual’s indifference curves. This implies that the Separation principle stil] holds, There is still
an objectively determined market price of risk that js independent of individual attitudes toward
rsk. No variable in Eq. (6.26) is subscripted for the preference of the ith individual. Both the
price of risk and the amount of risk depend only on properties of the Jth asset, the portfolio of
all marketable assets, and the portfolio of Aggregated nonmarketaple assets. Third, the appropriate

(=]
der the covariance between the jth

price per unijt rigk where rigk

measure of risk is stl the covariance, but we must Now consi )
nsky asset and two portfolios, one com Posed of marketable and 4 second of nonmarketabie assets.

3. The Model in Continuous Time

Merton | I 9737 has derived a version of the CAPM that assumes {2mong other things) that trading
takes place continuously over time, and that asset returns are distributed lognormally. If the risk-
free rate of interest is nonstochastic over time, then (regardless of individua preferences, the
distribution of individupalg’ wealth, or their time horizon) the equilibrivm returns muyst satisfy

EQR)=r, +[E®R,) -, 718 (6.28)

& See Fama and Schwert [1977] for an empirical test of the model set forth by Mayers.




Eq. (6.28) is the continuous-time analogy to the

except that instantaneous ra
and the distribution of returns i

risk of unfavorable shifts in t
portfolios chosen from three
so that its returns are perfectly negatively

{hree-fund separation. T
risk-free rate. The required rate 0

where
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G. Extensions of the CAPM

CAPM. In fact, it is exactly the same as the CAPM

tes of return have replaced rates of return over discrete intervals of time,

s lognormal instead of normal.
xposed to another kind of risk, namely, the

ty set. Merton shows that investors will hold
portfolio, and a portfolio chosen
Kless asset. This model exhibits
n changes in the future

If the risk-free rate is stochastic, investors are ¢
he investment opportuni
funds: the riskless asset, the market
correlated with the ris

he third fund is necessary to hedge against unforesee
f return on the jth assetis

E(R)=r;+n [ERm) —rs]+72 [ERy) — T 1} (6.29)

Ry = the instantaneous rate of return on a portfolio that bas perfect
negative correlation with the riskless asset,
.B in T JB jmlBNn't

1= P

il

Bim — BinBm
L—p ?\!m ,
srelation between portfolio ¥ and the market portfolio, M,

n= V2

Pnm = thecd

COV(R;, Ry)
Bup=—""73""
Ok
high-beta assets and positive for low-beta

Merton argues that the sign of 1, will be negative for
cusses the empirical tests of the CAPM,

5. As we shall seec in the next section, which dis

asset
{ with the empirical evidence.

Merton's argument is consistent

and Taxes

have the same information about the distribution of future returns, they wiil
nity sets and will obviously choose different portfolios. Lintner [1969]

e of heterogeneous expectations does not critically alter the CAPM

except that expected retums and covariances are expressed as complex weighted averages of

investor expectations. However, if investors have heterogeneous expectations, the market portfolio

is not necessarily efficient. This makes the CAPM nontestable. In fact, as we shall see when we

discuss Roll’s critique Jater in this chapter, the only legitimate test of the CAPM is a joint test to

determine whether or not the market portfolio is efficient.
in a world with personal as well as corporate

No one has investigated the equilibrinm model
taxes. However, Brennan [1970] has investigated the effect of differential tax rates on capital gains
and dividends. Although he concludes that beta is the appropriate measure of risk, his model
includes an extra term that causes the expected return on an asset {0 depend on dividend yield as

well as systematic risk:

Existence of Heterogeneous Expectations

1f investors do not
perceive different opportu
has shown that the existenc

ER)=nRs+1b;+ ¥3DY; {6.30)

DY ;= the dividend yield on asset j.
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We shal leave g complete discussion of the Brennan madel tg Chapter 16, which Will cover the
theory ang empirical evidence refyted t0 the comporage dividend policy decision. For now j; is
sulticient 1o poge that Brenna g model predjers that higher rages of return will pe fequired op assets
with higher dividend yields. in other words, investorg do not Jike dividends because they must pay
ordinary income tax rates on dividends byy only capita| 8ains rates op stock price increases,

H. (Ompirical Tests of the CAPM

diversitied) portfolios haye higher returng over very long periody of time., Geometric- returns are
measured ay the geometric average holding period return, e» Calculated g¢ follows for 4 portfoljo
that js reweighied at the beginning of each perjog:

! I RV (6.31)
Arithmetic Teltirns for the same portfolio are
TSN s gy (6.32)

The CAPM js asimple linear modei that is ex Pressed in termg of EXpected returns ang €xpected
risk. In its ex anie form, we haye

E(Rf)=Rf+[E(Rm)‘Rf])8j- (6.33)
If the CAPM Is a better mode] of the reward-risk trade-off for individuaj Securities, jt should be

an improvemem over Table 6.3 because i predicts thag beta, not the standarg deviation, should be
a better measure of risk. Although many of the aforementioneq extensions of the CAPM mode]

Geometric ~ * Asiiimatic

Geometric Arithmetic Standard Standard

Return Return Deviation Deviation
Stocks of smafjer companies 19.6 252 42.6 41.8
S & P 500 10.5 119 16.9 16.6
Long-term corporate bonds 84 85 3.2 32
Long-term U 5. Bovernment bopds 7.0 7.1 3.1 3.1
Short-term U5, Treasury biljg 6.3 6.3 25 2.5

Source: Monitor Group analysis.
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H. Empirical Tests of the CAPM 165

There have been numerous empirical tests of the CAPM, so many in fact that it would be
fruitless to mention ali of them. Also, the literature is interwoven with many serious and difficult
econometric problems that must be confronted in order to provide the best empirical tests of the
model.? However, in the opinion of the authors, the tests of the CAPM summarized betow represent
the best of the work that has been done to date.

The first step necessary to empirically test the theoretical CAPM is to transform it from
expectations or ex ante form (expectations cannot be measured} into a form that uses observed
data. This can be done by assuming that the rate of return on any asset is a fair game.'% In other
words, on average the realized rate of return on an asset is equal to the expected rate of return. We
can write the fair game as follows:

R_,H‘:E(R}r) +ﬁ)5m( +£j,ro (634)

where
Spy = Ry — E(Rpyp),
E{6n) =0,
£;, = arandom-efror term,
E(cp)=0
COV(ej, 8ne) =0,

ﬁj =C0V(Rjr,

Ry )/ VAR(R )

Equation (6.34) is seen to be a fair game because if we take the expectation of both sides, the
average realized return is equal to the expected return. In other words, on average you get the return
you expected: -

E(R;) = E(R;,).
By substituting E(R;) from the CAPM into Eq. (6.34), we obtain
Rjo=Ryr -+ [ERue) = Rypi] B+ Bj [Rouw — R} + s
=Rp + Ry — Rp)Bj + 81
Finally, by subtracting R ¢, from both sides, we have

Ry — Ry = Ry — Rp)Bj + 651, (6.35)

it
which is the ex post form of the CAPM. We derived it by simply assuming that returns are normally
distributed and that capital markets are efficient in a fair game sense. Now we have an empirical
version of the CAPM that is expressed in terms of ex post observations of return data instead of

ex ante expectations.

9 For papers that discuss some of the econometric problems involved in testing the CAPM, the reader is referred to Miller
and Scholes [1972), Roll [1977, 1981], Scholes and Williams [1977], Dimson [1979), and Gibbons [1982].

1 Chapter 10 explains the theory of efficient capital markets that describes a fair game at length. Also, empirical evidence
is presented that suggests that the market is in fact a fair game.
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Figure 6.7 (a) Ex post CAPM; (b) ex ante CAPM,
R;

R_:,; =¥+ ylﬁp + Eper

where

}’I:Rmr - th’

R;,r = the excess retum on portfolio p = (Rpe = Rpp).

This is the same as Eg. (6.35) except that a constant term, yg, has been added,

Exactly what predictions made by the CAPM are tested in Eq. (6.36)7

- The intercept term, yp, should not be significantly different from zero. If it is different from

Zero, then there may be something “left out” of the CAPM that is Captured in the empirically
estimated intercept term.

- Beta should be the only factor that explains the rate of retumn op the risky asset. If other terms
such as residual

variance, dividend yield, price/earnings ratios, firm size, or beta squared are
included in ap attempt to explain retum, they should have po explanatory power.

- The relationship should be linear in beta.
- The coefficient of beta, y;, should be equal to (R,,, — R Fe)s
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5. When the equation is estimated over very long periods of time, the rate of return on the market
portfolio should be greater than the risk-free rate. Because the market portfolio is riskier, on
average it should have a higher rate of return,

Jensen, and Scholes [1972], Miller and Scholes [1972], Blume and Friend [1973), Blume and
Husick {1973], Fama and Macbeth {1973], Basu (1977, Reinganum [198ib], Litzenberger and
Ramaswamy [1979], Banz {1981], Gibbons [1982), Stambaugh [1982], Shanken [1985b], Fama
and French [1992], and Kothari, Shanken, and Sloan [1995]). Most of the studies use monthly
total returns (dividends are reinvested) on listed common stocks as their database, A frequently
used technique is to estimate the betas of every security during a five-year holding period, by
computing the covariance between return on the security and a market index that is usually an
equally weighted index of all listed common stocks. The securities are then ranked by beta and
placed into N portfolios (where ¥ js usually 10, 12, or 20). By grouping the individual securities
into large portfolios chosen to provide the maximum dispersion in systematic risk, it is possible
to avoid a good part of the Ineasurement error in estimating betas of individual stocks. Next, the
portfolio betas and returns are calculated over a second five-year period and a regression similar
to Eq. (6.33) is run.

With few exceptions, the empirical studies prior to Fama and French [1992] agree on the
following conclusions:

1. The intercept term, Yo, 1s significantly different from Zero, and the slope, y,, is less than the
difference between the return on the market portfolio minus the risk-free rate. The implication
is that low-beta securities earn more than the CAPM would predict and high-beta securities
earn less.

Figure 6.8 shows the average monthly returns on 10 portfolios versus their systematic risk for the
35-yearperiod 1931-1965 (taken from the Black-Jensen-Scholes study [19721). The results shown

h—_—"-‘———___'
" Empirica studies have used 90-day Treasury bills as a proxy for the risk-free rate, and they have also laboriously
calculated the return on the zero-beta portfolio. Either approach results in an intercept term significantly different from
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Figure 6.8 Average
monthly returns vs,
systematic risk for

10 portfolios, 193]~
1965. (From Studies in
the Theory of Capital
Markets, edited by
Michael C. Jensen,
Copyright ©1972 by
Praeger Publishers,
Inc. Reprinted with
permission of Holt,
Rinehart, and Winston.)

here are typical. The em
butthe intercept term is

betas,

Gibbons [1982], Stambaugh [1982], and Shanken [1985b] test the CAPM by first assuming
that the market mode] is true—that is,

portfolio proxy such as an equally weighted market portfolio;

The market model, Eq. (6.37), is merel
for example, Black’s {1972] two-fact
Eq. (6.37) to be the same for all asse

in time,

R

S
1

/

Average monthly returns

3

I

)

(1
ot

pirical market line is linear with a positive trade-off between return and risk,
significantly different from zero. In fact, it js 9.79 standard deviations away.
» given the empirical techniques of the previously mentioped

Ry = o + ﬁiRm.r + &4 6.37)

Y a statistical statement. It is not the CAPM. The CAPM—
or version—actually requires the intercept term, E(R,), in
ts. The two-factor CAPM is true across all assets at a point

Ta
Intercept =.00519 —
Standard error = 00053 Pot
Slope =.01081¢

Standard error = 00050

LR 4 Fo
WK k.

U em o o

Sour

1.0 L5 2.0
Systematic risk

the return on the 7th asset is a linear function of a market

LAk
e i

E(R) = E(R,) + [E(R,) - E(R,)] 8. (6.38)
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able 6.4 Portfolio Monthly Rate of Retu
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m, Sorted on Size and Beta 19631990

T RN
Portfolios Formed on Size
Average monthly return 164 116 129 124 125
Beta 144 144 139 134 133
- In{market equity) 198 318 3.63 4.10 450
Number of companies 722 189 236 170 144
Portfolios Formed on Beta
Average monthly return 120 120 132 126 1.3i
Beta 0.81 079 092 1.04 1.13
In (market equity) 198 318 363 410 4.50
Number of companies 116 80 i85 181 179

Source: Fama and French [1992]. (© 1992 Blackwe|

Gibbons [1982] points out that the two-
intercept of the market model:

for all securities during the same time interval. When he te

s 6 g7 8

129 147 107 1.0
124 122 116 1.08
489 530 573 624

140 128 125 119

130 130 123 123
119 126 132 114
48% 530 573 624
182 i85 205 227

Al Publishing. Reprinted with permission.)

@ = E(R)(1 - 8)

violated and that the CAPM must be rejected.

Fama and French [1992] published a Iandmark stud
return and nisk, as a test of the CAPM. They used 1
daily individual stock returns from 1963 to 1990
adding all NASDAQ-listed stocks from 1973 to 19
between size and beta (—0.988),
Table 6.4 shows simple sorts b.
market capitalization of a comp.
NYSE, AMEX, and after 1973,

size. The results are shown in Table 6.5.

monthly returns. If we scan down the colu
size. It is fairly clear. If we read across th
beta, holding size constant. For the smal
and return goes in the wrong direction
and French ran multiple regressions
Beta was not statistically significant]

by itself, or when combined with siz
beta at all. It explained the return as

of market capitalization) and a posi
market value of equity. However, w
back to include the period 1941-199
for portfolios and for individual sto

0.95
[.02
6.82

P14

[.33
i.52
6.82
267

10A

0.88
0.95
7.39

60

1.34
La3
7.39
165

169

108

0.90
0.90
8.44

Li8
1.73
B.A44
291

factor CAPM implies the following constraint on the

(6.39)

sts restriction (6.39), he finds that it ig

y onthe cross-sectional relationship between

arger databases then ever before, starting with
for all NYSE and AMEX Histed stocks, then
0. Cognizant of the strong negative comelation

they designed an empirical test that carefully separated the two.
ased on size {measured as the natural logarithm of the equity
aiy) and beta (estimated using the value-weighted portfolio of
NASDAQ stocks). The results clearly show
are arranged by size there is a visible relationship between monthly returns an
but when the portfolios are arranged by beta, the relationship becomes tenuo
Therefore, Fama and French ran a two

that when portfolios
d both size and beta,
us.
-pass Sort to attempt to separate the effect of beta from
The numbers in each cell are the percentage average
mns, we see the relationship between return and company
€ rows, we are seeing the relationship between return and
| and the large equity rows, the relationship between beta

and is not very strong in the remaining rows. Finally, Fama

with the individual stock retums as the dependent variable.
y related to the average returns of individual securities, either
e in a multiple regression. The strongest model did not include
a negative function of size (measured as the natural logarithm
tive function of the logarithm of the ratio of the book to the
hen they exclude the NASDAQ stocks and extend their data
0, then beta is significant and positively related to returns both
cks.
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Table 6.5 Two-Pass Sort by Size and Beta Average Monthly Returns, 1963- 1999 {percent)

Low Third Average of Eighth High

Beta Decile Fifth and Sixth Decile Beta
Smxall equity 171 179 .50 1.63 14z
Third decile 112 147 L1y 1.36 0.76
Average of fifth and sixth deciles 1.21 1.33 1.25 L6 105
Eighth decile .09 1.37 113 1.02 0.94
Large equity 1Ot 1.10 .91 (.71

0.58
Soneree: Fanva and French [1992[.4© 1992 Bluckwe Publishing. Reprinted with pernnission. ) h

The Fama and French [1992] resuits were soon followed b
that even small departures of the index portfolio from ex p
in empirical results that show no relationship between bet
Kothari, Shanken, and Sloan {1995] study the same relationship between beta, size, and the ratio of
book to market value of equity. They conclude that “examination of the Cross-section of expected
returns reveals economically and statistically significant compensation (about 6-99; per annum)
for beta rigk.” They note that annuaf returns are used to avoid the seasonality of returns, there isa
significant linear relationship between returns and beta between [94] and 1990, that size is also

tribution is small (less than 1 percent), and that
atabase and are pot

y others. Roll and Ross [1994]) showed
st market efficiency can easily result
a and average cross-sectional retums,

Fama and French [1996] update their work and present a three-factor model that, when fit to
data for NYSE, AMEX, and NASDAQ stock returns for 366 months from July 1963 to December
1993, provides the best explanation of excess returng. Their model, written below, says that the

excess retum of the fth security over the risk-free rate is a linear function of three factors: the

excess return of the market portfolio over the risk-free rate, the difference between the reliyns on

a portfolio of small stocks and large stocks, E(SMB), and the difference between the returns on a
portfolio of high and low book-to-market stocks, £ (HML):

E(R)~ Ry =biE (Rp) - R 145 E(SMB) + h E(HML). {6.40)

the simple linear two-factor model. Some, like Fama and French [1992] or Roll and Ross [1980]

suggestamultifactor model. Others look for errors in the execution and design of the empirical tests
(e.g., the survivorship bias problem discussed in Kothari, Shanken, and Sloan [1995)), frictions
in capital markets (Amihud and Mendelsohn [1986)), or simply irrational behavior (Lakonishok,
Shleifer, and Vishny [1994]). Finally is the possibility that the market risk premium and betas
change over time (e.g., papers by Jagannathan and Wang [1996], Scruggs [1998], and Ferson and

ased returns for high book/marke; equity portfolios for
several reasons: In 1978 Compustat expanded its database from 2,700 w0 6,000 companies, adding five years of data going

back to 1973 with the likely effect that high book-to-market companies (in 1973) that did poorly or failed were unlikely
to be fourd in the 1978 database, and vice versa. Kothari, Shanken, and Sloan {1995] found that the returns for the set of
companies that were included on the CRSP daza but not on Compustat were in fact lower than average.
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Harvey {1999]). Gradual progress is being made, and most scholars believe that the notion of
systematic risk is intuitive and important, but much remains to be done.

]Eg Berk, Green, and Naik [1999] present a dynamic theory of the firm that provides some intuition
eta behind the empirical results of Fama and French {1996). Each company is viewed as creating
= value through its stewardship of assets in place and discovery of valuable growth options. Good
42 news about profitable growth drives up the share price but is also associated with relatively lower
76 betas. Berk et al. describe the book-to-market ratio as a state variable that summarizes a firm’s
05 risk relative to the scale of its asset bage. Strong profitable growth drives the book-to-market ratio
04 down, drives beta down, and drives the required return down. Hence we would expect high book-
56 to-market stocks to have lower cross-sectional returns than low book-to-market stocks~—consistent
—_ with the empirical results. Also, in Berk et al., market capitalization is described as a state variable
that captures the relative importance of existing assets versus growth options. Small stocks have
higher expected returns than large because expected growth options are riskier and have a greater
ed weighting in the present value of the company.
Mt
15, . .
of I ¢%e Market Risk Premium
d :
] One of the most important numbers in financial economics is the market risk premium. If we
a are using a CAPM framework, it is the difference between the expected rate of return on the
0 3 market portfolio and the expected return on the migimum-variance zero-beta portfolio (usually
it 3 assumed to be the same as the risk-free rate). The market risk premium is a benchmark for required
3t ;. returns of index funds (and other mutual funds), and for the required returns on corporate capital
' investments. Practitioners are constantly confronted with how to estimate it. This turns out to be a
0 thorny problem, interwoven with empirical tests of the CAPM as discussed in Section H.
T The definition of the market risk premium, 1), is deceptively simple:
g
: A= E(R,) — E(R,). (6.41)
1
i

But over what interval of time should expectations be measured, how do we interpret ex post data,
how do we account for sample selection biases, and should we use nominal or real rates of retumn?
Not all of these questions are resolved. What follows is a discussion of some of the more important
} issues.

How do we interpret ex post data, when the definition of the risk premiom is based on forward-
looking expected returns on two portfolios, one with zero beta and the other with a beta of one?
Normally, one assumes that the ex ante and €X post betas are identical, and proceeds to calculate
arithmetic rather than geometric returns, To illustrate why, consider the following simple example.
You invest $100 at time zero, and there is a § 0% chance that it can rise to $200 or fall to $50 in one
year. After two vears, it can rise to $400, return to $100, or fali to $25. This event tree is illustrated
in Fig. 6.9.

The usual calculation of the reatized rate of return is the ex post geometric rate, defined as

Ry =1+ r,)¥7 — 1. (6.42)

Note that there are no probabilities involved, because ex post the portfolio return has only one
realization. For example, suppose that it followed the middle path in Fig. 6.9, where the stock
price starts at $100, climbs to $200, then falls to $100 at the end. The geometric average rate of




Figure 6.9 Example
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$400
used to contrast arith- .5
metic and geometric rates $200
of retern.

.5

$100 3100
5
350
3
$25

return along this path is (%

Ry=(1+ 100%)(1 — 50%) — 1= @YD) — 1= o,

When attempting to evaluate the event tr
all branches are possible. Therefore we have to probabil

B <[ ptt+r,0] "

E(Rp) = [.25(400/100) + 2(:25)(100/100) + .25(25/ 10072 1
= 156252 _ |
= 25% per year,

Thus, while it js appropriate to use geometric averages when measuring historical portfolio
performance, the asset pricing models age forward looking and therefore are baged on arithmetic
averages that are Tepresentative of expected returns.,

The arithmetic average of the differeqce between the annual return on

value-weighted index
of U.S. equities and returns on short-term .8, Treasury bills has been 7.7 percent over the period

Another issue is how to define the risk-free rate., If Wwe assume, for the time being, that interest
rates are a fundamenial factor that is not wholly captured in the CAPM, then portfolios with
different interest rate sensitivity may have expected returns that differ ag 5 function of their interest

Tate sensitivity. In this case, it is better 1o choose a risk-free rate that j zero default risk, namely, the
rateona [J.S. government obligation, byt with approxi

Figure 6.
risk pren
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Figure 610 The market
risk premium 1963-
2002. Source: Monitor
Group analysis.

MRP
(H-1)
0.25 1

0.20

b The Market Risk Premium

73

0.15 o
0.10 ° *e

0.05 1

0. °

1962 o °1972* * 1982 1992 2002
* »

~0.05 1 .

—0.10 4

as the equity (or market) index. Figure 6.10 shows the annual arithmetic market risk premium for
an index of large company stocks minus the rate of return on an index of U.S. government bonds
of intermediate maturity (which should have closer sensitivity to interest rates than an index based
on short-term Treasury bills). If we were to use this data (1963-2002), our estimate of the market
risk premium would be 11.9% (the average arithmetic return on the S & P 500 index) minus 7%
(the average arithmetic return on intermediate-term U.S. government bonds). Thus, our estimate
of the market risk premium would be roughly 5%, in nominal terms. We would obtain the same
estimate in rea] terms if the expected inflation in our estimate of the risk-free rate is the same as
the expected inflation in the index of large company stocks.

A time-series regression of the market risk premium, MRP, provides the following results (40
observations):

MRP = 041 -+ 0002 (year)
©.77) (0.44) (6.44)

The #-statistics are given in parentheses. The slope is not statistically different from zero. Conse-
quently, there is absolutely no evidence of a trend in the market risk premium over time. Were the
regression run on data from 1926 to 2002, the conclusion would be the same.

Fama and French [2002] estimate the market risk premium differently and use a longer time
period, 1872-2000. Their logic is that the average stock return is the average dividend yield plus
the average rate of capital gain:

A(R) = A(D /P, _p) + A(GPy). (6.45)

H the dividend price ratio is stationary over time, then the rate of dividend growth approaches
the compound rate of capital gain; therefore the annual growth in dividends can be substituted in
place of the annual capital gain (in the equation above). Fama and French use this dividend growth
model (and an earnings growth model) to estimate the unconditional expected stock return for the
ith stock. Thus, they do not use ex post historical realizations of the difference between the return
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on the market portfolio and the risk-free rate. Instead they mode) €X ante differencesg between the
Expected return on the markey portfolio and the rigk-free rate. The simple arithmetic dverage for
the period 18721950 js 4.40%, and the estimate from their dividend growth model is aboyt the
same, namely, 4.179%,. However, for the period 1950-2000 the difference jg large—7 43 Versus
2.55%. There are several issues, however, for example, the growing use of stock fepurchases ang
the declining use of dividends to deljver value to shareholders.

J. he Empirical Market Line

Rie = Vo, + T By, + i (6.46)

does provide an adequate mode] of security returns. Obviously, if one ¢an estimate g Security’s bety
for a given time petiod, then by knowing the empirical market Jipe Parameters, one cap estimate
the security’s required rate of retur from Eq. (6.46).

Some (e.g., Ibbotson) have 8one so farasto employ a version that does not use beta, Forexample,
the expected rate of return on the equity of a company is argued to be 5 log-linear function of the
size of the company and itg book-to-market ratio:

i Rit = Yor + 1, In(Size), + (Book fMarker), + s, (6.47)

Obvious questions facing a practitioner who attempts to use this version are “How do | apply it to
Projects that are obviously and significantly different in their total and systematic risk, although
they have the same $ize?” or “What are the implications for the merger of two large companies?”

all assets) is mean-variance efficient.

2. If performance 1 measured relative to an index that is ex post efficient, then from the math-
ematics of the efficient Set no security will have abnormal performance when measured as a
departure from the security market Jine !3

—_—

Bhis important to note that Roll does not take exception to time-serjes measures of performance such as those described
by the market mode] in Chapter 1],
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‘ Figure 6.11 Abnormal Relurn

3. If performance is measured relative to an ex post inefficient index, then any ranking of portfolio
performance is possible, depending on which inefficient index has been chosen.

This is a startling statement. It implies that even if markets are efficient and the CAPM is valid,
then the cross-section security market line cannot be used as a means of measuring the ex post
performance of portfolio selection techniques. Furthermore, the efficiency of the market portfolio
and the validity of the CAPM are joint hypotheses that are almost impossible to test because of
the difficuity of measuring the true market portfolio.

To understand Roll’s critique, we must go back to the derivation of the zero-beta portfolio,
Recall that if there is no risk-free asset, it is still possible to write the security market line as a
combination of the market portfolio and a zero-beta portfolio that is uncorrelated with the market
index. Therefore the expected return on any asset could be written as a two-factor model:

E(R)=E (R} + [E(R,) - E(R)B.. (6.48)

Roll points out that there is nothing unique about the market portfolio. It is always possible
to choose any efficient portfolio as an index, then find the minimum-variance portfolio that is
uncorrelated with the selected efficient index. This is shown in Fig. 6.12. Once this has been done,
then Eq. (6.37) can be derived and written as

E@R)=ER, )+ [E®R) - E(R, 1] Bi.1- (6.49)

Note that the market portfolio, R,,, has been replaced by any efficient index, R;, and the beta
is measured relative to the selected efficient index, f; ;. Also, the zero-beta portfolio is measured
relative to the index R, ;. Because the expected return on any asset can be written as a linear
function of its beta measured relative to any efficient index, it is not necessary to know the market
index. One only need know the composition of an efficient index in order to write Eq. (6.49).
Furthermore, if the index turns out to be ex post efficient, then every asset will fall exactly on the
security market line. There will be no abnormal returns. If there are systermatic abnormal returns,
it simply means that the index that has been chosen is not ex post efficient.

The Roll critique does not imply that the CAPM is an invalid theory. However, it does mean that
tests of the CAPM must be interpreted with great caution. The fact that portfolio residuals exhibited
no significant departures from linearity merely implies that the market index that was selected
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Figure 6.2 Ty, index
portfolios with thejr

respective orthogona
portfolios,

E(R,)

S e S

pye

6\
§ L. ';/he Arbitrage Pricing Theory
1. The Theory
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Formulated by Ross [1 976}, the arbitrage Pricing theary (APT) offers 4 testable alternative o the ?«'

iy capital asset pricin g model. The CAPM predicts th A
g to a single common

at security rates of return will be linearly related
factor—the rate of feturn on the market portfolio. The APT g based on similar

Tetum on any security is a linear

infuition but jg much more generat. It assumes that the rate of
function of & factors;

B=E®)+oF 1. 4 buFi+, (6.50)
where

s,
B o S

R = the random rate of ety on the ith asser,

E(E—) = the expected rate of retumn on the [

th asset,
b ik =

the sensitivity of the ;¢h asset’s retms to the kth factor,

~

£ = the mean zero kth factor €ommon to the returns of aj] assets,
y &
}
]

i = arandom zero mean noise term for the fth asset,
As we shall see Iater on, the CAPM may be viewed a5 a special ca
rate of retury s assumed to be the single releyapt factor.

se of the APT when the market
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The APT is derived under the usual assumptions of perfectly competitive and frictionless capital
markets. Furthermore, individuals are assumed to have homogeneous beliefs that the random
returns for the set of assets being considered are governed by the linear k-factor model given
in Eq. (6.50). The theory requires that the number of assets under consideration, n, be much larger
than the number of factors, k, and that the noise term, &}, be the unsystematic risk component for
the ith asset. It must be independent of all factors and all error terms for other assets.

The most important feature of the APT is reasonable and straightforward, In equilibrium all
portfolios that can be selected from among the set of assets under consideration and that satisfy
the conditions of (1) using no wealth and (2) having no risk must earn no return on average.
These portfolios are called arbitrage portfolios. To see how they can be constructed, let w; be
the change in the dollar amount invested in the ith asset as a percentage of an individual’s total
invested wealth. To form an arbitrage portfolio that requires no change in wealth (or is said to be
self-financing), the usual course of action would be to sell some assets and use the proceeds to buy
others. Mathematically, the zero change in wealth is written as

n

Zw,o::().

If there are n assets in the arbitrage portfolio, then the additional portfolio return gained is
Ep = Z w; jé’l
=
=D wER) + D wbyFie+ > wibyFy + > wE. {6.52)

To obtain a riskless arbitrage portfolio it is necessary to eliminate both diversifiable (i.e.,
unsystematic or idiosyncratic} and undiversifiable (i.e., systematic) risk. This can be done by
meeting three conditions: (1) selecting percentage changes in investment ratios, w;, that are small,
(2) diversifying across a large number of assets, and (3) choosing changes, w;, so that for each
factor, &, the weighted sum of the systematic risk components, by, is zero. Mathematically, these
conditions are

w; & 1fn, (6.532)
nt chosen to be a large number, (6.53h)

Z wiby, =0 for each factor. {6.53c)
i

Because the error terms, g;, are independent, the law of large numbers guarantees that a weighted
average of many of them will approach zero in the limit as n becomes large. In other words, costless
diversification eliminates the last term (the unsystematic or idiosyncratic risk) in Eq. (6.50). Thus,
we are left with

EPZEWEE (E)'}'Ew,'b“ﬁ!-i-' +Zw,b,kl?}c (654)

At first glance the return on our portfolio appears to be a random variable, but we have
chosen the weighted average of the systematic risk components for each factor to be equal to
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zero (3 Wik = 0). This eliminates af Systematic risk, Ope might say that we have selecteq an
arbitrage portfolio with zero beta jn each factor, Consequently, the return on our arbitrage portfolip
becomes a constant. Correct chojce of the weights hag eliminated aJ| uncertainty, so that g p 15 ot
a random variable, Therefore Eq. (6.52) becomes

Ro=3 " wE (R). (6.55)

Ry=) " wE(R)=o. (6.56)

i

Egs. (6.51), (6.53c), and (6.56) are really statements in linear algebra, Any vector that is
orthogonal to the constant vector, that js, 14

Z(w,-) ce=(,
i=t

and to each of the coefficient vectors, that is,

Z Wil =0 for each k,
i

must also be orthogonal to the vector of expected Feturns, that is,
Z w,-E (ﬁ;) =1},
.

An algebraic Consequence of this Staternent is that the expected retumn vector myst be a linear
ombination of the Constant vector and the coefficient vectors. Algebraically, there must exist a
setof k41 cocfficients, Aos Ay, ..., A4 such that

E(R)=2,+ Mbit oAby, (6.57)

Recall that the by are the “sensitivities” of the rewins on the jth Security to the kth factor. If
there is a riskiess asset with a riskless rate of returm, Ry, then by, ~ 0 and

Rf = AO-
Hence Eq. (6.45) can be rewritten in “excess returns form™ ag

ERD =Ry =Mty +-- 4 0y, (6-58)

M Note that Eq. (6.40) says that the sum of the investment Weights equals zero. This js really a no-wealth constraint. No
new wealth is required to take an arbitrage position, Recall that e i5 5 columa vector of gnes,

Figu
trage
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Figure 6.13 The arbi- E(R)
trage pnciﬂg line. !

bik

=
—

Figure 6.13 illustrates the arbitrage pricing relationship (6.58) assuming that there is only a single
stochastic factor, k. In equilibrium, all assets must fall on the arbitrage pricing line. A natural
interpretation for A is that it represents the risk premium (i.e., the price of risk), in equilibrium,
for the kth factor. Because the arbitrage pricing relationship is linear, we can use the slope-intercept
definition of a straight line to rewrite Eq. (6.58) as

E(R;) = Ry + [Ek _ Rf] by

where 3, is the expected return on a portfolio with unit sensitivity to the kth factor and zero
sensitivity to all other factors. Therefore the risk premiumm, Ay, is equal to the difference between
(1) the expectation of a portfolio that has unit response to the kth factor and zero response to the
other factors and (2) the dsk-free rate, Ryt

Xe=08— Ry
In general the arbitrage pricing theory can be rewritten as
E(Ri)_Rf:[El"Rf] bil+"'+[gk—Rf] biy- 6.59)

If Eq. (6.59) is interpreted as a linear regression equation (assuiming that the vectors of returns
have a joint normal distribution and that the factors have been linearly transformed so that their
transformed vectors are orthonormal), then the coefficients, by, are defined in exactly the same
way as beta in the capital asset pricing model, that is,

_ COV(R;, &)

by = VARGY) {6.60)

where

COV(R;, 8;) = the covariance between the ith asset’s returns and the linear
transformation of the kth factor,

VAR(S,} = the variance of the linear transformation of the kth factor.
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1. The APT makes no assumptions about the empirical distribution of asset returng,

9 The APT makes no strong assumptions aboyg individualg’ utility funetions (at least nothing
2 stronger than greed and risk aversion).

3. The APT allows the equilibiy
" (e.g- beta).

4. The APT yields a statement about the relatjve pricing of any subset of assets; hence one need
: not measure the entire universe of assets in order to test the theory,

There is 10 special role for the market portfolig ip the APT, whereas the CAPM requires that
5. the market portfolio e efficient.

M returns of assers to he dependent on many factors, not Just one

6. The APT is easily extended to a multiperiod framework {see Ross [1976)).

Suppose that asset retums are determined by two underlying factors such agu
u

nanticipated changes
.7 real output and unanticipated inflation. The arbitrage pricing theory can €asily account for the
n et rety

t of changes in both factors op ass Tus. Because the capital asset pricing mode] relies on
eflee  factor (the markey Index), it annot do ag well, Using th CAPM is a little fike being
a Sln_i the clouds while piloting a Private plane. Yo call the ajr controller and agk, “Where
Iosllf} * If the controller is using a unidimensionaj model like the CAPM, he or she is likely to
am d, “Two hundred miles from New York City.” Obviously, this i 10t a very helpfu] answer,
resp G;jéjmensiﬂnal model like the APT would be more useful. It would pe nice to know latitude,
?ﬂ:ﬁude, and altitude,

v

Figure 6. 14 illusirates the same pont. The factor loadings (or factor sensitivities), &y and by, for

put and changes ip Unanticipated
fation—are plotted on the axes. The origin fepresents the risk-free Tate that is the rate of return
inft?

jved when an asset has zero beta iy both factors. Points along the diagonal dashed lines have

CEIVi xpected return but not the same risk. For €xample, a) points along the line OJ have ap

val Z d rate of return equal (o the tisk-free rate byt are not riskless portfolios, If the risk-free rate

;:t one can obtain that rate ejther with a truly riskless portfolio that Pays 10% in every state of

’ Iu(f‘cat,}r with a second portfolio that has positive sensitivity to ope factor and negative sensitivity
pat

the other factor. -
10 quppose the arbitrage pricing model, Bq. (6.59),
u

E(R)~R, =[§1 - Rf] by + [32 - Rf] biz,

. ated to have the following numerical valyes: g F=10%, §; = 20%, and &y =159, If &;,
is eSUt;:d on the vertical axis, then the vertical intercept for a given retumn £ (R;) is
. gfo
isp

- E(R) - R I
& = vertical intercepy = ‘_g——»-_
- R
1 f




Figure 6.14 A graph of b;, for unanticipated
the CAPM and the APT. changes in real cutput

2. A Numerical Example
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e "
- S

TS0 T T by, for unanticipated
Ey T L. T Lo .y .
Riskless asset—"7/| ~~.5  LO~.L5 207~ changesin inflation
E(R)=R; S~

and the slope of the equal return line is

5~ R
m= slope:—__2 f, :
sl—Rf f-

where the equation for the return line is &;) = ¢ + mb;;.
Next, suppose that we know that a CAPM efficient index portfolio has been chosen, that its
expected return is 30%, and that its sensitivity to changes in unanticipated real output and changes
in unanticipated inflation are &;; = 1.5and b;; = 1.0. The CAPM index portfolio is plotted at point /
in Fig. 6.14. We know from the CAPM, Eq. (6.9), that the security market line is represented by
all linear combinations of the risk-free asset and the market index portfolio. Therefore the security
market line is represented by the ray O from the origin (which is the risk-free asset) to the efficient
index portfolio {point I).
The CAPM measures risk only in one dimension, rather than two. If we are told that the
portfolio’s CAPM g is .5, then it will plot at point P in Fig. 6.14, halfway between the riskless asset
and the index portfolio. However, according to the APT there are an infinite number of portfolios,
all with the same expected return as porifolio P and each having a different sensitivity to the APT
risk parameters b;; and b;,. If people are in fact sensitive to more than one type of risk when
choosing among portfolios of equal return, then the APT is superior to the CAPM because the
CAPM is unidimensional in risk. It is perfectly reasonable that portfolio P’ might be preferred
to portfolio £ by some investors because it has the same return as portfolio P but a preferable )
combination of sensitivities to the underlying factors. For example, a public pension fund manager ;
might not care much about the sensitivity of the value of the fund to industrial production but might ‘
be very concerned about hedging against unexpected changes in inflation. Later on we shall discuss .
some empirical work that provides evidence that more than one factor is significant in explaining
security returns.

To illustrate how arbitrage pricing might be employed in practice, suppose that empirical work
reveals that the expected returns on assets can be explained by two factors, Fy and F;. Table 6.6
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Table 6.6 Duta for an APT Exampie

ﬁan&o};};ed
Asset Returns {%6) Factor Changes (%)
3 State of - - - _—;_*—h\\
5:. Nature Prob, X )4 - z 3 8,
i Horrid 2 ~55.23 623.99 53.00 ~10.00 500
N Bad 2 70.70 10.00 413.37 ~5.00 38.43
Average 2 —9.00 25.00 ~1493.i2 25.00 8.00
Good 2 —12.47 -3771.42 1058.75 40.00 ~1.44
Great 2 61.00 323744 83.00 30.60 0.00

problem tractable, assume that all factors and returns are normally distributed, In addition, suppose
we know that the expected return on the risk-free asset, R £ 15 10%,

One of the requirements of the factor analysis Program usually used to test the arbitrage
pricing model is that we are working with linear transformations of the underlying factors. The
transformations must be orthogonal (i.e., the product of their row and column vectors must equal
zero). This is shown below for the transformed factors in Table 6.6;

—5.00
38.48
[-1I0 -5 25 ap 14| 8.00 | = 0.
—1.44
0

How can we tell from the bewildering set of numbers in Table 6.6 whether or not there are :
any arbitrage opportunities? And if there are, how can Wwe take advantage of them by forming an 3
arbitrage portfolio?

If there are only two factors that govemn all returns, then the APT becomes

VAR(S) 5700




b, from the Data in Table 6.6
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Table 6.7 Calculating

9 - piXi pidyi pi(di; — 81
1 : [ L T SO L T
— 9 2(~55.23) = —11.046 210 = 20 2(~10-20*= 180

2(70.70) = 14.140 20=-5= -10 2(=5 720" = 123
- 2(-9.00)= —1800 225 = 50 2025-2002= 5
; 2(—124T) = —24% 2040)= 80 2(40 — 20y = 80
) a 2(—6100)= 12.200 200 = 100 2(50 —20)* = 180
$ : X= 11000 3,= 200 VAR(S) = 570
) 3
4 pi(X; X))
i- 2(—66.23)(—30)= 39738
he 3 2(59.70)(—25) =—298.50
e 3 2(—20.0015) = —20.00
e 3 2-2347)(20) = ~93.98 by = B8 =5
he b 2(50.00)(30) = 300.00
a i COV(X, 5) = 285.00

3

g Table 6.8 Statistics Computed from Table 6.6

. e e = il Loadings T

1 Transformed
. Asset R,y bn bip Factor Expectations
T M-—HM———H_ — —
n X 11% 3 2.0 3,=20%

Y 25 1.0 1.5 5,= 8%
z 23 1.5 1.0
. : equilibrium rate of return, E{R;), for each of the three assets. This is done below:
f
) ‘ E(R,) =.10+[20— 10105+ (.08 - .1012.0 = 11%,
E(R))=10+[20— 10110+ 1.08 - 10115 =17%,

E(R) = .10+ [20— 10} 15+ (08 =10} LO= 23%.

Note that the equilibrium return,
R;, computed from the data. Hence no arbiira
On the other hand the projected return on asset ¥, Tfy
the market equilibrium return, E(R
of assets X and Z and buying asset
capital, has no change in risk, and eamns a p

W is only 17%. Therefore

E(R;), on assets X and Z is th
ge opportunities exist

Y, we can form an arbitrage p
ositive rate of return.

e same as the projected returm,
for trading in these two assets.
,is 25% when computed from the data, and
by selling the correct proportions
ortfolio that requires no new




Solving, we find that

Chapter 6: Market Equilibrium: CAPM and ApT

are more assets than factors, there are virtually an infinite number of ways of form
portfolins. But let us suppose that we desire to put the maximum investment into asset Y withoy
actually selling short either X or Z. Our investment proportion in ¥ would g0 from one thirg to

one; thus the change in holdings of asset ¥ would be Wy, = 2

3- We also require that the change
porifolio have zero beta in each factor and that it need no net wealth. These conditions are stateqd
in Egs. (6.51) and (6.53c), which are repeated below:

3
Z: wibyy =0 foreach k.

i=1

Expanding these €quations, we have

Wetw, 4w, =90,
Weboy +w,b,) + web,) =0 for factor |,

w.b,, + Wb+ w,b, =0 for factor 2.

And substituting in the numbers of our problem, we get

2
Wy + = G w, =),
3
2
W)+ 5(L0) + w,(15) =,

W, (2.0) + 2(1.5) + w,(L0) =0,

51(.5) + 51(1.0) +0(L.5) =10 for factor 1,

él«(Z) + 51(!‘5) + 51(1.0) =15 forfactor2.
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' sh
ould Figure 6.15 Arbitrage pricing plane for two factors.
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without &;
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R,= 10% | b !
f= o 1 ! !
! b="20
t
1:5
1.0 1
-7 13 T T biz
1.0 2.0 3.0 4.0
Since our systematic risk has not changed, the extra systematic risk created by the arbitrage
portfolio is zero.l* Our originally projected portfolio return was
1 1 i
5(11%) + 5(25%) + -5(23%) = 19.67%.
But after investing in the arbitrage portfolio, we project a rate of retum of
0(11%) -+ 1{25%) + 0{23%) = 25%.
Thus the arbitrage portfolio increases our return by 5.33% without changing our systematic risk.
Figure 6.15 provides a visual description of the example problem. Expected rates of return are
plotted on the vertical axis, and asset betas in each of the two factors are plotted along the horizontal
axes. Note that the expected returns for assets X and Z plot exactly on the arbitrage pricing plane.
isk They are in equilibrium. But asset ¥ plots above the plane. Its return lies considerably above what

the market requires for its factor loadings, by and byy. Hence an arbitrage opportunity exists. If
enough people take advantage of it, the price of asset ¥ will rise, thereby forcing its rate of return
down and back into equilibrium.

e E———
'3 Because there is idiosyncratic risk to contend with, total risk will in fact change. However, with well-diversified arbitrage
portfolios this problem vanishes because diversification reduces idiosyncratic fisk until it is negligible.
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mpirical Tests of the Arbitrage Pricing Theory

Papers by Gehr [1975), Roll and Ross [1980], Reinganum [ 1981a}, Chen [1983], Chen, Roll, and
Ross [1986], and Conner and Korajczyk [1993] have tested the APT vsing data on equity rates of
return for New York and American Stock Exchange listed stocks. The usual empirical procedure
has the following steps:

L. Collect a time series of stock returns data for a group of stocks.
2. Compute the empirical variance-covariance matrix from the refurns data.

3. Usea (maximum-likelihood) factor analysis procedure to identify the number of factors and
their factor loadings, ;.

4. Use the estimated factor Ioadings, b;,, to explain the cross-sectional variation of individual
estimated expected returns and to measure the size and statistical significance of the estimated
tisk premia associated with each factor.

The Roli and Ross [1980] study used daily returns data for NYSE and AMEX companies listed
on the exchanges on both July 3, 1962, and December 31, 1972. There were a maximum of 2,619
daily retums for each stock. The 1,260 securities selected were divided alphabetically into groups
of 30. For each group of 30 the procedure described above was carried out. The analysis showed
that there are at least three and probably four “priced” factors. There may be other zero-priced
factors, but this procedure cannot identify them because their regression coefficients in step 4
would be zero.

One of the frustrating things about using factor analysis to test the APT is that this procedure
cannot tell us what the factors are. However, we can reject the APT if a specified alternative variable
such as the total variance of individual returns, firm size, or the asset’s Jast period returm were to
be significant in explaining the expected returns. Roll and Ross [1980), after correcting for the
problem that positive skewness in lognormal returns can create dependence between the sampie
mean and the sampie standard deviation, found that the total variance of security returns does
not add any explanatory power for estimated expected returns. Therefore the APT could not be
rejected on this basis, Although a different procedure was employed by Chen [1983], he was able
to confirm this resuit. He also found that the asset’s last period return added no explanatory power,

Currently there is a question whether or not firm size can be used to refute the APT because it
adds explanatory power to the factor loadings. Reinganum [1981a] finds that it does. His test
consisted of estimating the factor loadings in year (¢t — 1) for all securities, then combining
securities with similar loadings into control portfolios. In year #, excess security returns are
computed by subtracting the daily control portfolio returns from the daily security returns. Finally,
with excess returns in hand, the securities are ranked on the basis of the market value of al] the firm’s
outstanding common stock at period (z — 1). The APT predicts (if factor loadings are stationary
across time) that all deciles of the market value ranked excess returns should have the same mean,
Reinganum finds that there are i gnificant differences between the mean excess returns and rejects
the APT. Chen [1983], on the other hand, finds that firm size adds no explanatory power. His
procedure uses Reinganum’s data for the market value of each firm’s equity. He divides the sample
of firms into two groups—those with greater than the median market value and those with less.
Then portfolios are formed from the high- and low-value firms so that the following conditions
are satisfied: (1) each security in the porifolio has nonnegative weight and the weight should not
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be too far from l/n, where n is the number of securities in the portfolio, and (2) the resultant two
portfolios have exactly the same factor loadings (arbitrage risk factors) in each factor. The factor
joadings are determined by using returns data from odd days during each test period; the even-
days returns from the same test period are used for measuring the average portfolio returns of the
high- and low-valued portfolios. If the APT is correct, the retumns of the two portfolios should
pot be statistically different because they are selected to have the same “risk” as determined by
the factor loadings. In only one of the four periods tested is the difference in returns statistically
different at the 95% confidence level. Therefore Chen argues that firm size effects have insufficient
explanatory power to reject the APT.
There is one parameter in the APT, namely the intercept term, Ag = Ry, that should be identical
across groups of securities when the model is estimated separately for each group during a time
period. Other factors need not be the same because the factor loadings are not unique from group
to group. For example, factor 1 in group A might correspond to factor 3 in group B. The intercept
term, g, however, has the same meaning in each group because it is the return on an asset that
has no sensitivity to the common factors. Roll and Ross [1980] tested for the equivalence of the Xg
terms across 38 groups and found absolutely no evidence that the intercept terms were different.
Again, the APT could not be rejected.
A direct comparison of the APT and the CAPM was performed b
model was fitted to the data as in the following equation:

y Chen [1983]. First, the APT

Ro=Rp+ Ry + -+ Anbia ¥ 5. (AFD)

Then the CAPM was fitted to the same data:

R =% +Mfit7.  (CAPM)

Next the CAPM residuals, 7;, were regressed on the arbitrage factor loadings, ’Xk, and the APT
Its showed that the APT could

residuals, &;, were regressed on the CAPM coefficients. The resu
explain a statistically significant portion of the CAPM residual variance, but the CAPM could

not explain the APT residuals. This is strong evidence that the APT is a more reasonable model

for explaining the cross-sectional variance in asset retums.
Although it is mathematically impossible to use factor analysis to unambiguously identify the

underlying factors that drive security returns, Chen, Roll, and Ross [1986] have correlated various
macroeconomic variables with returns on five portfolios that mimic what the underlying factors

might be, Four macroeconomic variables were significant:

1. An index of industrial production

2. Changes in a default risk premium (mea
on AAA versus Baa corporate bonds)

3. Twists in the yield curve (measured by differences in promis
short-term government bonds)

4. Unanticipated inflation

sured by the differences in promised yields to maturity

ed yields to maturity on long- and

The economic logic underlying these variables seems to make sense. Common stock prices are
the present values of discounted cash fiows. The industrial production index is obviously related
to profitability. The remaining variables are related to the discount rate. Conner and Korajezyk
[1993] find evidence supporting the existence of one to six factors in a data set consisting of
monthly returns of NYSE and AMEX stocks from 1967 to 1991

dremis g "
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principle) choose 3 portfolio that g hedged
against inflation rigk without changing the portfolio Sensitivity to any of the other three above-

6.1 Let us assume 3 normal distribution of retuns and risk-averse utility functions. Under what
conditions will all investors demand the same portfolio of risky assets?

6.2 The following data have been developed for the Donovan Company, the manufacturer of an
advanced line of adhesives:

Market Return, Return for the Firm,

State  Probability R, R;
I .1 -.15 -.30
2 3 05 00
3 4 A5 20
4 2 .20 .50

The risk-free rate is 6%. Calculate the following:
(a) The expected market retum,
{(b) The variance of the market retur,
{¢) The expected return for the Donovan Company,
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(d) The covariance of the return for the Donovan Company with the market return.
(&) Write the equation of the security market line.
(f) What is the required return for the Donovan Company? How does this compare with

its expected return?

6.3 The following data have been developed for the Milliken Company:

Year Market Return Company Returns

1978 27 25
1977 12 05
1976 -.03 —.05
1975 12 5
1974 -.03 —.10
1973 27 .30

The yield to maturity on Treasury bills is .066 and is expected to remain at this point for the
foreseeable future. Calculate the following:

{a) The expecled market return.

(b) The variance of the market return.

{c) The expected rate of retumn for the Milliken Company.

(d) The covariance of the retumn for the Milliken Company with the retwmn on the market.
(e) Write the equation of the security market line.

(f) What is the required return for the Milliken Company?

6.4 For the data in Table Q6.4 {page 190), perform the indicated calculations.
6.5 For the data in Table Q6.5 (page 191), calculate the items indicated.

6.6 What are the assumptions sufficient to guarantee that the market portfolio is an efficient
portfolio?

6.7 In the CAPM is there any way Lo identify the investors who are more risk averse? Explain.
How would your answer change if there were not a riskless asset?

6.8 Given risk-free borrowing and lending, efficient portfolios have no unsystematic risk. True or
false? Explain.

6.9 What is the beta of an efficient portfolio with E(R ;) = 20% if Ry = 5%, E(R,,) = 15%, and
0, =20%? What is its o;7 What i‘s its correlation with the market?

6.10 Given the facts of Problem 6.9, and that the common stock of the Rapid Rolling Corporation
has E(R}) =25% and crk2 = 52%, what is the systematic risk of the common stock? What is its

unsystematic risk?

6.11 (a) If the expected rate of return on the market portfolic is 14% and the risk-free rate is
6%, find the beta for a portfolio that has expected rate of return of 10%. What assumptions
concerning this portfolio and/or market conditions do you need to make to calculate the
portfolio’s beta?

(b) What percentage of this portfolio must an individual put into the market portfolio in
order to achieve an expected return of 10%?
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Table Q6.4 Estimates of Market Parameters
S&P  Percentage

500 Change Dividend  Percentage Return Market

Year  Index in Price Yield Return Deviation Variance
P, va, Rmr (Rmr - Em) (Rmr —ZEm)2

£, E__, -1 —IT (3+4) G- R,) (6%) R;
(i) (2) (3) (4) (3) ©) (N {8)
1960 55.84
196} 66.27 0298 03
1962 62.38 0337 .03
1963 69.87 0317 03
1964 81.37 0301 .04
1965 §8.17 0300 04
1966 85.26 .0340 04
1967 91.93 0320 05
1968 98.70 0307 05
1969 97.84 0324 b7
1970 83.22 0383 .06
a Ry, =17
b. VAR(R,,) = ?
c.o{R, =17

6.12 You believe that the Beta Alpha Watch Company will be worth $100 per share one year from
now. How much are you willing to pay for one share today if the risk-free rate is 8%, the expected
rate of return on the market is 18%, and the company’s beta is 2.07

6.13 Given the following variance-covariance matrix and expected returns vector (for assets X
and ¥, respectively) for a two-asset world:

o 0 =
2[::[0 _0064], Ri=[2 .1

(2) What is the expected return of a zero-beta portfolio, given that 50% of the index
portfolio is invested in asset X and asset ¥'?

(b) What is the vector of weights in the global minimum-variance portfolio?

{c) What is the covariance between the global minimum-variance portfolio and the zero-
beta portfolio?

(d) What is the equation of the market line?

6.14 Given the following variance-covariance matrix, calculate the covariance between portfolio
A, which has 10% in asset 1 and 90% in asset 2, and portfolio B, which has 60% in asset 1 and
40% in asset 2:
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Table Q6.5 Calculations of Beta for General Motors

Percentage
GM  Change Dividend Percentage Deviation Variance Covariance
Year Price  in Price Yield Return of Returns  of Returns with Market
. Rjr (R_” - wﬁ]) (Rﬂ - Ej)z (Rj: - _Ej){Rmr - m)
P, F Div, 3+4) (5—-R)) (6% (Col. 6 x Q6.4 Col. 6)
Pf—l P, 1
n (2) 6] 4) (5) ) )] @
1960 48
1961 49 05
1962 52 .06
1963 74 05
1964 90 05
1965 102 05
1966 87 05
1967 78 05
1968 81 05
1969 74 .06
1970 70 05
a ﬁj =17
b. VAR(R;) = ?
c. COV(R;, R,) =17
d.g;=17

T=l-2 u

6.15 Suppose that securities are priced as if they are traded in a two-parameter economy. You have
forecast the correlation coefficient between the rate of return on Knowlode Mutual Fund and the
market portfolio at .8. Your forecast of the standard deviations of the rates of return are .25 for
Knowlode, and .20 for the market portfolio. How would you combine the Knowlode Fund and a
riskless security to obtain a portfolio with a beta of 1.6?

6.16 You currently have 50% of your wealth in a risk-free asset and 50% in the four assets below:

Expected Return Percentage
Asset  onAsseti (%) B; Invested in Asseti (%)
=1 7.6 2 19
=2 124 8 10
i= 15.6 1.3 10

i=4 18.8 1.6 20
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If you want an expected rate of return of 12%, you can obtain it by selling some of your holdings
of the risk-free asset and using the proceeds to buy the equally weighted market portfolio. If this
is the way you decide to revise your portfolio, what wilt the set of weights in your portfolio be? If
you hold only the risk-free asset and the market portfolio, what set of weights would give you an
expected 12% return?

6.17 The market price of a security is $40, the security’s expected rate of return is 13%, the
riskless rate of interest is 7%, and the market risk premiurn, [E (R)— R f], is 89. What will be
the security’s current price if its expected future payoff remains the same but the covariance of its
rate of return with the market portfolio doubles?

6.18 Suppose you are the manager of an iavestment fund in a two-parameter economy. Given the
following forecast:

E(R,) =16, a(R,) = .20, Ry= 08

(a) Would yourecommend investment ina security with E(R ;) = 12 and COV(R;, R =
017 (Note: Assume that this price change has go significant effect on the position of the
security market line.)
(b) Suppose that in the next period security R; has eamned only 5% over the preceding
period. How would you explain this ex post return?
6.19 Why is the separation principle still valid in a world with
(a) nonmarketable assets?
(b) a nonstochastic risk-free rate?
6.20 Assume that the mean-variance opportunity set is constructed from only two risky assets, A
and B. Their variance-covariance matrix is

2[: _ | 0081 0
- 0 0025 |
Asset A has an expected return of 30%, and Asset B has an expected return of 20%. Answer the
following guestions:
(a) Suppose investor / chooses his “market portfolio” to consist of 75% in asset A and 25%

in asset B, whereas investor J chooses a different “warket portfolio” with 50% in asset A
and 50% in asset B.

Weights chosen by I are {75 .25].
Weights chosen by J are [ .50 S501.

Given these facts, what beta will each investor calculate for asset A?
(b) Given your answer to part (a), which of the following is true and why?
1. Investor [ will require a higher rate of return on asset A than will investor J.
2. They will both require the same return 6n asset A.
3. Investor J will require a higher rate of return on asset A than will investor [.
(c) Compute the zero-beta portfolios and the equations for the security market line for each
investor.
6.21 Ms. Bethel, manager of the Humongous Mutual Fund, knows that her fund currently is well
diversified and that it has a CAPM beta of 1.0. The risk-free rate is 8% and the CAPM risk premiufm,
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ings [E(R,)~ R ). is 6.2%. She has been learning about measures of risk and knows that there are
this (at least) two factors: changes in industriat production index, 3 1» and unexpected inflation, 8. The
Y H APT equation is
i an

E(R)—R;= [5‘. - RI] by + [Is"z -~ Rf] bins
uﬁs;: E(R;) = 08 + [.0S};, + .1 1)by5.
fits

() If her portfolio currently has a sensitivity to the first factor of bpy=—.5, what is its
sensitivity to unexpected inflation?

1the (b) If she rebalances her portfolio to keep the same expected return but reduce her exposure
to inflation to zero (i.c., b2 = 0}, what will its sensitivity to the first factor become?

REFERENCES
,) = Amihud, Y., and H. Mendelson, “Asset Pricing and the Bid-Ask Spread,” Journal of Financial Economics, 1986,
; 4 P
“the E: . Vol. 17, 223-250.
' Bansal, R., and S. Viswanathan, “No Arbitrage and Arbitrage Pricing,” Journal of Finance, Vol. 48, 1993, 123]~
ling 1262.
Banz, R. W,, “The Relationship between Return and Market Value of Common Stocks,” Journal of Financial
Economics, March 1981, 3—18.
Basu, 5., “Investment Performance of Common Stocks in Relation to Their Price-Eamings Ratios: A Test of the
Efficient Markets Hypothesis,” Journal of Finance, June 1977, 663-682.
A Berk, J., R. Green, and V. Naik, “Optimal Investment, Growth Options, and Security Retumns,” Journal of Finance,
5, 1999, Vol. 54, No. 5, 1553-1607.
Black, E, “Capital Market Equilibrium with Restricted Borrowing,” Journal of Business, July 1972, 444-455.
Black, F, M. C. Jensen, and M. Scholes, “The Capital Asset Pricing Model: Some Empirical Tests,” in M. C,
Jensen, ed., Studies in the Theory aof Capital Markets. Praeger, New York, 1972, 19124,
h Blume, M., “Portfolio Theory: A Step toward Its Practical Application,” Jewrnal of Business, April 1970, 152-173.
“the
, “On the Assessment of Risk,” Journal of Finance, March 1971, 1-10.
5% Blume, M., and I. Friend, “A New Lock at the Capital Asset Pricing Model,” Journal of Finance, March 1973,
. 19-34.
A

Blume, M., and F. Husick, “Price, Beta and Exchange Listing,” Journal of Finance, May 1973, 283299,

Blume, M., and R. Stambaugh, “Biases in Computed Returns: An Application to the Size Effect,” Journal of
Financial Economics, November 1983, 387404,

Bower, D., R. Bower, and D. Logue, “Arbitrage Pricing Theory and Lnility Stock Returus,” Journal of Finance,
September 1984, 1041-1054.

Breeden, D. T,, “An Intertemporal Asset Pricing Model with Stochastic Consumption and Investment Opportuni-
ties,” Journal of Financial Economics, September 1979, 265--296.

Brennan, M. I., “Taxes, Market Valuation and Corporation Financial Policy,” National Tax Journal, December
1970, 417427,

rennan, M. 1., T. Chordra, and A. Subrahmanyam, “Alternative Factor Specifications, Security Characteristics,
and the Cross-Section of Expected returns,” Journal of Financial Economics, 1998, Vol. 49, 345-373,

own, 5., W, Goetzman, and §. Ross, “Survival,” Journal of Finance, July 1995, Vol 50, No. 3, 853-873.

1amberlain, G., and M., Rothschild, “Arbitrage, Factor Structure, and Mean-Variance Analysis on Large Asset
Markets,” Econometrica, September 1983, 1281-1304.




]

iny

;lll
Hl
1]

i
liii

Chapter 6: Market Equilibrium: CAPM and APT

Chen, N. F, “Some Empirical Tests of the Theory of Arbitrage Pricing,” Journal of Finance, December 1983,
1393-1414.

Chen, N. F, and J. Ingersol}, Jr., “Exact Pricing in Linear Factor Medels with Finitely Many Assets,” Journal of
Finance, June 1983, 985-988.

Chen, N. F, R. Roll, and 8. Ress, “Economic Forces and the Stock Market,” Journal of Business, 1986, Vol. 59,
383-403.

Chordra, T., A, Subrahmanyam, and V. R. Anshuman, “Trading Activity and Expected Stock Returns,” Journal of
Financial Economics, 2001, Vol. 59, 3-32.

Clark, P K., “A Suboerdinated Stochastic Process Model with Finite Varance for Speculative Prices,” Econometrica,
January 1973, 135-155.

Conner, G., and R. Korajezyk, “Risk and Return in an Equilibrium APT: Application of a New Test Methodology,”
Journal of Financial Economics, 1988, Vol. 21, 255-290.

. “A Test for the Number of Factors in an Approximate Factor Model” Journal of Finance, 1993, Vol. 48,
1263-1201.

Copeland, T. E., and D. Mayers, “The Value Line Enigma (1965-1978): A Case Study of Performance Evaluation
Issues,” Journal of Financial Economics, November 1982, 289-322.

Corell, B., “Asymmetric Information and Portfolio Performance Measurement,” Journal of Financial Economics,
December 1979, 381-390.

Daniel, K., and S. Titman, “Evidence on the Characteristics of Cross-Sectional Variation in Stock Returns,” Journal
af Finance, 1997, Vol. 52, 1-33.

Dhrymes, P, I Friend, and B. Bultekin, “A Critical Reexamination of the Empirical Evidence on the Arbitrage
Pricing Theory,” Journal of Finance, June 1984, 323-346.

Dimson, E., “Risk Management When Shares Are Subject to Infrequent Trading,” Journal of Financial Economics,
June 1979, 197-226.

Dybvig, ., “An Explicit Bound on Individual Assets’ Deviations from APT Pricing in a Finite Economy,” Journal
of Financial Economics, December 1983, 483-496.

Dybvig, P, and 5. Ross, “Yes, the APT Is Testable” Joumnal of Finance, September 1985, 1173-1188.

Fama, E. F, “The Behavior of Stock Market Prices,” Journal of Business, January 1965a, 34-105.

. "Portfolto Analysis in a Stable Paretian Market,” Management Science, January 1965, 404-419,
————, "Risk, Return and Equilibrium: Some Clarifying Comments,” Journal of Finance, March 1968, 290-40.
——— “Risk, Return and Equilibrium,” Journal of Political Economy, January—February 1971, 30-55.

, Foundations of Finance, Basic Books, New York, 1976.

Fama, E. F, and K. French, “On the Cross-Section of Expected Stock Retums,” Jourmal of Finance, 1992, Vol. 47,
427-466.

, “Size and Book-to-Market Factors in Eamings and Retumns,” Jourmua! of Finance, 1995, Vol. 50, 131-155.
————, “Multifactor Explanations of Asset Pricing Analomies,” Journal of Finance, 1996, Vol. 51, 55-84.
, *“The Equity Premium,” Journal of Finance, 2002, Vol. 57, No. 2, 637-659.

Fama, E. F, and J. MacBeth, “Risk, Return and Equilibrium; Empirical Test”” Journal of Political Economy,
May-June 1973, 607-636.

Fama, E. F., and G. W. Schwert, “Human Capital and Capital Market Equilibrium,” Journal of Financial Economics,
January 1977, 95-125.

Ferson, W., and C. Harvey, “Conditioning Variables and the Cross-Section of Stock Returns,” Journal of Finance,
1999, Vol. 54, 1325-1360.

Friend, I, and M. Blume, “Measurement of Portfolic Performance under Uncertainty,” American Economic Review,
September 1970, 561-575. ‘

st




References 195

ember 1983, Friend, 1., R. Westerfield, and M. Granito, "New Evidence on the Capital Asset Pricing Model.” Journal of Finance,
Fene 1978, 903-917,

s!” Journal of Gehr, A., Jr., "Some Tests of the Arbitrage Pricing Theory,” Journal of Midwest Financial Economics, March 1973,
91-135.

1986, Vol. 59, Gehr, A, Ir., and W. Ferson, “Testing Asset Pricing Models with Changing Expectations and an Unobservable

Market Portfolio,” Journal of Financial Economics, June 1985, 217-236.

Gibbons, M., "Multivariate Tests of Financial Models: A New Approach,” Jowrnal of Financial Economics, 1982,
Vol. 10, No. 1, 3-28.

Gtinblatt, M., and §. Titman, “Factor Pricing in 2 Finite Economy,” Journal of Financial Economics, December
1983, 497-507.

Hamada, R. 5., "The Effect of the Firm's Capital Structure on the Systematic Risk of Commeon Stocks,” Journal of
Finance, May 1972, 435-452.

Hansen, L., J. Heaton, and E. Luttmer, “Econometric Evaluation of Asset Pricing Models,” Review of Financial
Studies, 1995, Vol. 8, 237-274.

Evaluati Hodrick, R., and X. Zhang, “Evaluating the Specification Errors of Asset Pricing Models.” Journal of Financial
hoe Lvaluation | : Economics, 2001, Vol. 62, 327-376.

Huberman, G., "A Simple Approach to Arbitrage Pricing Theory,” Journal of Economic Theory, 1982, 183191,

Ibbotson, R., and R. Singefield, “Stocks, Bonds, Bills and Inflation: Year-by-Year Historical Retumns (1926-1974)."
Journal of Business, Januvary 1976, 11-47.

Tobotsor Associates, Ibbotson 2002 Stocks, Bonds, Bills and Inflation (SBBI) Year Book.

Jaganathan, R., and Z. Wang, “The Conditional CAPM and the Cross-Section of Retumns,” Journal of Finance,
Vol. 51, 1996, 3-53.

Jensen, M. C., “Capital Markets: Theory and Evidence,” Bell Journal of Economics and Management Science,
Autumn 1972a, 357-398.

, ed., Studies in the Theory of Capital Markets. Praeger, New York, 1972b.

Keim, D., “Size-Related Anomalies and Stock-Market Seasonality: Further Empirical Evidence,” Journal of
Financial Economics, June 1983, 13-32.

ns,” Journal of

Econometrica,

Methodology,”

1993, Vol. 48,

ial Economics,

turns,” Journal

the Arbitrage

‘ial Economics,

nomy,” Journat

188. , “Dividend Yields and Stock Retums,” Jorrnal of Financial Ecoromics, September 1985, 474-489.
Knez, P, and M. Ready, “On the Rebustness of Size and Book-to-Market in Cross-Sectional Regressions,” Journal
44419 of Finance, 1997, Vol. 52, 1355-1382.
1968, 29-40. Kothari, §., and J. Shanken, “Book-to-Market, Dividend Yield, and Expected Market Retoms: A Time-Series
0-55. Analysis,” Journal of Financial Economics, 1997, Vol. 44, 169-204.
Kothari, 5., J. Shanken, and R. Sloan, “Another Look at the Cross-Section of Expected Retums,” Journal of Finance,
1992, Vol. 47 1995, Vol. 50, 185-224.

Lakonishek, J., A. Schleifer, and R. Vishny, “Contrarian Investment, Extrapolation and Risk,” Journal of Finance,
1994, Vol. 49, No. 5, 1541-1578.

_ LaPorta, R., “Expectations and the Cross-Section of Stock Returns,” Journal of Finance, 1996, Vol. 51, 1715-1742.

Lawiey, D. N., and A. E. Maxwell, “Mutual Fund Performance Evaluation: A Comparison of Benchmarks and
Benchmark Comparisons,” working paper, Columbia University, 1985.

Lewellen, J., “The Time-Series Relations among Expected Return, Risk and Book-to-Market.” Jornal of Financial

Economics, 1999, Vol. 54, 5-44.

intner, 1., “Security Prices and Maximal Gains from Diversification,” Journal of Finance, December 19652,
587-616.

——, “The Valuation of Risk Assets and the Selection of Risky Investments in Stock Portfolios and Capital

. Budgets,” Review of Economics and Statistics, February 1965b, 13-37.

onomntic Revi : ) ) ) R o “The Aggregation of Investor’s Diverse Judgements and Preferences in Purely Competitive Security

Markets,” Journal of Financial and Quantitative Analysis, December 1969, 347-400.

i1, 50, 131-155.
~535-84.

~al Economy.




N

gt L

o ————— s

Chapter 6: Market Equilibrium: CAPM and APT

Litzenberger, R., and K. Ramaswamy, “The Effect of Personal Taxes and Dividends and Capital Assct Prices:
Theory and Empirical Evidence,” Journal of Financial Economics, June 1979, 163-195.

Lo, A., and A. C. MacKinlay, “Data Snooping Biases in Tests of Financial Asset Pricing Models,” Review af
Financial Studies, 1990, Vol. 3, 431-468.

MacKinlay, A, C., "Muliifactor Models Do Not Explain Deviations from the CAPM," Journal of Financial
Economics, 1995, Vol. 38, 3-28.

Mayers, D., “Non-Marketable Assets and the Capital Market Equilibrium under Uncertainty,” in M. C. Jensen, ed.,
Studies in the Theory of Capital Markets. Praeger, New York, 1972, 223-248.

Mayers, D., and E. Rice, “Measuring Portfolio Performance and the Empirical Content of Asset Pricing Models,”
Jowrnal of Financial Economics, March 1979, 3-28.

Mehra, R., and E. Prescott, “The Equity Premium: A Puzzle,” Journal of Monetary Economics, 1985, Vol. 15,
145-161.

Merton, R., “An Intertemporal Capital Asset Pricing Model.* Econometrica, September 1973, 867-888.

. “On Estimating the Expected Retern on the Market: An Exploratory Investigation,” Journal of Financial
Economics, December 1980, 323-361.

Miller, M., and M. Scholes, “Rates of Return in Relation to Risk: A Re-examination of Some Recent Findings,” in
M. C. Jensen, ed., Studies in the Theory of Capital Markets. Praeger, New York, 1972, 47-78.

Modigliani, F, and G. Pogue, "An Introduction to Risk and Return,” Financial Analysts Journal, March-April and
May-June 1574, 68-80 and 69--85.

Mossin, J., “Equilibrium in 2 Capital Asset Market,” Econometrica, October 1966, 768-783.

Oldfield, G., Jr. and R. Rogalski, “Treasury Bill Factors and Common Stock Retumns,” Journal of Finance, May
1981, 337-350.

Pettit, R. R.. and R. Westerfield, “Using the Capital Asset Pricing Model and the Market Model to Predict Security
Returns,” Journal of Financial and Quantitative Analysis, September 1974, 579-605.

Reinganum, M. R., “The Arbitrage Pricing Theory: Some Empirical Results,” Journal of Finance, May 1981a,
313-321.

, “Misspecification of Capital Asset Pricing: Empirical Anomalies Based on Earnings Yields and Market
Values,” Journal of Financial Economics, March 1981b, 19-46.

Roll, R., “A Critique of the Asset Pricing Theory’s Tests,” Journal of Financial Econontics, March 1977, 129-176.

, “A Possible Explanation of the Small Firm Effect” Journal of Finance, September 1981, 879-888.

. “A Note on the Geometry of Shanken’s CSR Tsquared Test for Mean/Variance Efficiency,” Journal of
Financial Economics, September 19835, 349-357.

Roll, R., and S. Ross, “On the Cross-Sectional Relation between Expected Returns and Betas,” Journal of Finance,
March 1994, 102-121.

. “An Empirical Investigation of the Arbitrage Pricing Theory,” Journal of Finance, December 1980,

1073-1103.

_ “A Critical Reexamination of the Empirical Evidence on the Arhitrage Pricing Theory: A Reply,” Jownal
of Finance, June 1984, 347-350.

Rosenberg, B., and V. Marathe, “Tests of Capital Asset Pricing Hypotheses,” unpublished maruscript, University
of California at Berkeley, 1977.

Ross, S. A., “Retumn, Risk and Arbitrage,” in Friend, I, and I. Bicksler, eds., Risk and Return in Finance, Heath
Lexington, New Yoik, 1974

. “The Arbitrage Theory of Capitak Asset Pricing,” Journal of Economic Theory, December 1976, 343-362.

. “The Capital Asset Pricing Model (CAPM), Short Sales Restrictions and Related Issues.” Journal of

Finance, March 1977, 177-184.
, “A Simple Approach to the Valuation of Risky Streams,” Journal of Business, July 1978, 453-473.




-

F References 197

Rubinstcin, M. E., “A Mean Variance Synthesis of Corporate Financial Theory,” Journal of Finance, March 1973,
167182,

Scholes, M., and J. Williams, “Estimating Betas from Non-synchronous Data,” Journal of Financial Eronomics,
December 1977, 309-327.

Scruggs, .. “Resolving the Puzzling Intertemporal Relation between the Market Risk Premium and Conditional
Market Variance: A Two-Factor Approach,” Journal of Finance, 1998, Vol. 53, 575-603.

Shanken, §., “Multi-Beta CAPM or Equilibrium in APT?: A Reply,” Journal of Finance, September 1985a,
1189-1196.

icing Models" - “Multivariate Tests of the Zero-beta CAPM.” Journal of Financial Economics, September 1985b, 327-348.
Sharpe, W. E, “A. Simplified Mode for Portfolio Analysis.” Management Science, January 1963, 277-293,

» "Capital Asset Prices: A Theory of Market Equilibrium under Conditions of Risk,” Journal of Finance,
September 1964, 425-442,

-888. Stambaugh, R., “On the Exclusion of Assets from Tests of the Two Parameter Model: A Sensitivity Analysis,”
Journal of Financial Economics, November 1982, 237-268.

Treynor, J., *Towards a Theory of the Market Value of Risky Assets,” unpublished manuscript, 1961.

\sset Prices:
2t Review of
o Financial

C. Jensen, ed.,

985, Vol. 15,

al of Financial

Vasicek, O. A., “Capital Market Equilibrium with No Riskless Borrowing,” mimeograph available from the Wells
Fargo Bank, March 1971.

Verrecchia, R. E., “The Mayers-Rice Conjecture—A Counterexample,” Journal of Financial Economics, March
1980, 87-100.

nt Findings,” in

larch—April and

* Finance, May
Predict Security
‘e, May 1981a,
Ads and Market

1977, 129-176.
879-888.
ey, Journal of

umnal of Finance,
scember 1980,

v Reply.” Journal
script, University
¢ Finance, Heath:

r 1976, 343-36

wes.” Journal 9

3, 453-475.




